Abstract. Let R be a commutative Noetherian ring with non-zero identity and a an ideal of R. Let M be a finite R-module of of finite projective dimension and N an arbitrary finite R-module. We characterize the membership of the generalized local cohomology modules H 
Introduction
Throughout this paper R is a commutative noetherian ring. Let a be an ideal of R, M be a finite Rmodule of of finite projective dimension and N an arbitrary finite R-module. The notion of generalized local cohomology was introduced by J. Herzog [16] . The i-th generalized local cohomology modules of M and N with respectt to a is defined by 
It is clear that H
i a (R, N ) is just the the ordinary local cohomology module H i a (N ). This concept was studied in the articles [20] , [6] and [22] .
For ordinary local cohomology module there is the important concept cohomological dimension of an R-module N with respect to an ideal a of R. It is denoted by cd a (N ) = sup{i 0| H i a (N ) = 0} This notion has been studied by several authors; see, for example [14] , [15] , [19] , [17] and [13] .
Hartshorn [15] has defined the notion q a (R) as the greatest integer i such that H i a (R) is not Artinian. Dibaei and yassemi [12] extended this notion to arbitrary finite R-modules as q a (N ) = sup{i 0| H see also [4, Definition 3.4] . Note that when S = {0} then cd (a,S) (N ) = cd a (N ) and when S is the class of Artinian modules, then cd (a,S) (N ) = q a (N ).
Amjadi and Naghipour in [3] (resp. Asgharzadeh, Divaani-Aazar and Tousi in [13] ) extended cd a (N ) (resp. q a (N )) to generalized local cohomology modules as Our objective in this paper is to characterize the membership of generalized local cohomology modules in certain Serre class of the category of R-modules from upper bounds. We will do it in section 2. Our main results in this section are theorems 2.1, 2.4 and 2.6. In section 3, we will define and study the Serre cohomological dimension of two modules with respect to an ideal. Our definition and results in this paper improve and generalize all of the above mentioned one. For unexplained terminology we refer to [8] and [9] .
main results
The following theorem characterize the membership of generalized local cohomology modules to a certain Serre class from upper bounds. 
Proof. We use descending induction on n. So we may assume that all conditions are equivalent when n is replaced by n + 1 using [22, Theorem 2.5].
belongs to S. There is a filtration
It follows that H n+1 a (M, R/p) is in S which is a contradiction.
(iii)⇒(ii). Use a filtration for N as above. 
is called Melkersson subcategory when it is a Melkersson subcategory with respect to all ideals of R.
When M is Melkersson subcategory of the category of R-modules, we are able to weaken the condition (iii) in 2.1 to require that H i a (M, R/p) is in M for all p ∈ Supp R (N ), just for i = n + 1. 
Proof. (v)⇒(iv). We prove by induction on
It follows that a ⊂ p, since otherwise H n+2 a (M, R/p) = 0, because n + 2 > 0. Take x ∈ a \ p and put 
This yields the exact sequence
Note that x ∈ b. Hence we get the exact sequence
Lemma 2.7. Let M and N be two finite R-modules such that
Proof. There is a minimal injective resolution
as we desired.
Asgharzadeh, Divaani-Aazar and Tousi, in [5, Theorem 3.3 (i)] proved the following corollary when S is the category of Artinian R-modules with an strong assumption that N has finite Krull dimension.
This condition is very near to local case, while it is a simple conclusion of Theorem 2.6 without that strong assumption. Proof. Suppose H n a (M, N ) is finitely generated. Then there exist an integer t such that
, is in S, which is a contradiction.
Cohomological dimension with respect to Serre class
In the following we introduce the last integer such that the generalized local cohomology modules belong to a Serre class. [3] and [5] .
In the following we study the main properties of this invariant. (g), (h), (i) and (j) follow from 2.4.
